We present a detailed theoretical evaluation for the g j factor of a bound electron in hydrogenlike ions up to Zϭ94. All quantum electrodynamical corrections of order (␣/) are evaluated in detail and various other contributions to the g j factor are computed and listed for 61 Z. A comparison with all existing experiments is carried out and excellent agreement is found. The present uncertainty in our calculations is discussed. It is not possible to improve this precision with only minor effort since two-photon bound-state QED terms are uncalculated up to now.
I. INTRODUCTION
Currently, enormous effort is undertaken to investigate quantum electrodynamical ͑QED͒ effects in the strong fields of highly charged few-electron ions. Experimentally, this implies handling and precise spectroscopy of systems up to U 91ϩ . Theoretically, the binding field of the nucleus has to be considered nonperturbatively and must include all orders in Z␣. In hydrogenlike ions, the theoretical evaluation of many diagrams of order ␣ 2 contributing to the Lamb shift has already been performed ͓1͔ and the current theoretical uncertainty amounts to 2 eV in U 91ϩ , whereas the most recent measurement agrees well with theory but still has an error of Ϯ13 eV ͓2͔. For lithiumlike ions, a number of excellent measurements in different heavy systems were performed ͓3-8͔, but theoretical predictions still lack a complete treatment of two-photon contributions ͓9-13͔. Also a number of very precise measurements of hyperfine structure splittings in heavy hydrogenlike systems ͓14-17͔ and in heavy lithiumlike systems ͓6͔ were carried out. Unfortunately, due to insufficient knowledge of nuclear parameters such as the nuclear magnetization distribution the theoretical precision for hyperfine structure predictions is rather poor although it coincides with experiment ͓18-24͔.
Another quantity particularly accessible for high precision experiments is the g j factor of an electron bound in a hydrogenlike system. Theoretical investigations date back to 1928 when Breit performed his calculations on the relativistic spin-orbit coupling for the g factor ͓25͔. The QED corrections to the g factor of a free electron have their own famous history. The computation of the leading correction in (␣/) was already performed by Schwinger in 1947 ͓26,27͔, immediately after Kusch and Foleys's legendary experiment
͓28,29͔. Contributions of order (␣/)
2 were considered by Karplus and Kroll ͓30͔ and finally evaluated analytically by Petermann ͓31͔ and Sommerfield ͓32͔. The corrections of order (␣/) 3 comprise already 72 Feynman diagrams which have all been evaluated analytically since 1996 ͓33͔. The most recent overview is given by Hughes and Kinoshita ͓34͔ who also present a number of recent theoretical values for the g factor of the free electron, depending on the experimentally measured value of ␣ which is employed. For example, from muonium hyperfine structure measurements ͓35͔ 1/␣ ϭ137.035 996 3(80), which leads to g free ϭ2ϩ2 ϫ1 159 652 216.0(1.2)(67.8)ϫ10
Ϫ12
, where the first error results from the calculations of the (␣/) 4 terms and from nonelectronic QED and non-QED contributions. The second error is due to the uncertainty in ␣ employed in this calculation. The terms of order (␣/) 4 comprise 891 diagrams and up to now have only been evaluated numerically.
The by far most precise experimental measurement to date on the g factor of the free electron was performed by Van Dyck et al. ͓36͔ who obtained a value of g free ϭ2ϩ2 ϫ1159 652 188.4(4.3)ϫ10
. Contrary to this outstanding success, investigations on the QED bound-state modifications to g j were rather sparse until the mid 1990's. Grotch and Hegstrom ͓37-39͔ as well as Faustov ͓40,41͔ and Close and Osborn ͓42͔ performed calculations on the first terms of a Z␣ expansion for QED and recoil corrections to g j . Experiments were carried out on hydrogen and deuterium ͑Refs. ͓43-45͔, and references therein͒ as well as on He Persson et al. ͓51͔. Persson et al. ͓51͔ investigated also the vacuum polarization contributions and were thus the first to publish results which contained the complete QED corrections of order ␣ for a number of Z in the range up to Z ϭ92. A detailed presentation of the separate contributions was given only for C 5ϩ , S 15ϩ , and Ca 19ϩ ͓52͔, but without a specific presentation of the theoretical calculations. In this work we are going to describe the method employed in Refs. ͓51,52͔ in detail. After a short summary on the general theory, we will focus on the QED contributions in particular. Our method in evaluating the diagrams will be presented as well as the numerical techniques we employ. We will also list the other known contributions, i.e., the effects of finite nuclear size and mass, and discuss their uncertainties. Results will be presented for all even Z up to Zϭ94 and also for a few odd Z which are of particular experimental interest due to the possible determination of the g j factor from hyperfinetransition lifetime measurements ͓53͔. The results will be compared to the sparse experimental values available up to now, and finally we outline what has to be done next to improve the theoretical precision further. Although we present formulas valid for any bound state of an electron, we restrict ourselves in the numerical calculations to the 1s 1/2 state which for high-precision measurements is the most interesting state.
In this work, we generally employ 4␣ϭe 2 and បϭc ϭm e ϭ1, except when specified otherwise. The electron mass is explicitly specified in some formulas for clarity. Four vectors and their components are given in roman style ͑p͒ and have the form (p 0 ,p), bold letters indicate three vectors and italics denote scalars. Four-dimensional space-time coordinates are denoted by x, y, and z with xϭ(t x ,x). The Feynman dagger is employed to indicate p "ϭ␥ p , and p ϭp/͉p͉.
II. g FACTOR OF AN ELECTRON BOUND IN A HYDROGENLIKE SYSTEM
The g factor of a rotating charge q with mass m q and angular momentum J is defined by the ratio of angular momentum and magnetic moment ϭg j q 2m q c J. ͑1͒
For an electron, qϭϪe, and
where B is the Bohr magneton. Setting JϭS and using the Dirac equation with minimal coupling of the electromagnetic field, g free ϭ2 is readily obtained ͑a straightforward evaluation is performed, e.g., in Ref.
͓54͔͒.
For a bound electron, only the total angular momentum J can be observed. The energy shift of a state ͉a n ͘ due to an external magnetic field ͑for simplicity assumed to point along the z direction͒ is given by 
͑7͒
where the last equal sign is valid only for an electron bound to a pointlike nucleus. Only in this case is the analytical calculation of all appearing integrals possible. The result is due to Breit ͓25͔. Detailed evaluations of this last equation are performed, e.g., in Refs. ͓55͔ and ͓56͔. Equations ͑6͒ and ͑7͒ describe the deviation of g j from 2 because of binding only and do not account for any QED effects.
III. QED CORRECTIONS TO THE g j FACTOR

A. Basic formulas
The basic interaction of a bound electron with the external magnetic field can be envisaged as in Fig. 1 . Note that the interaction due to the presence of an external homogeneous magnetic field is always treated as a perturbation because of the smallness of its influence compared to the nuclear binding potential. Quantum electrodynamical corrections can be obtained employing Sucher's symmetrized form ͓57͔ of the Gell-Mann-Low level shift ͓58͔, presented in detail in Refs. ͓1,59,60͔ and applied to one-and few-electron QED corrections extensively also in Refs. ͓22,50,51,61,62͔. From the formulas for the energy shifts, the corresponding expressions for g j are obtained by the relation ͑3͒. In this section, we will restrict ourselves to deal with the formulas for the energy shift.
In general, the energy shift for a single-electron system is given by The basic interaction between the electron-positron field and the photon field is described by the interaction Hamiltonian ͑e.g., Refs. ͓1,59,63͔͒,
Here,
is the Dirac current operator, A (x) is the quantized field photon operator, and A pert denotes the additional magnetic perturbing potential not considered for binding. In Eq. ͑9͒, T denotes the time-ordering symbol. To evaluate this expression, Wick's theorem ͓64͔ is commonly applied which allows one to rewrite the time-ordered product of a number of operators into a sum of normal-ordered products with all possible contractions. The special case of two Fermion operators with equal times requires some care in bound state problems. Contrary to QED of free fermions, these terms have to be retained as they lead to the vacuum polarization corrections ͓59͔.
Equation ͑8͒ is evaluated into powers of , which yields
Performing all contractions, only those terms of each order in are retained in Eq. ͑13͒ which describe connected graphs, i.e., do not consist of more than one disjunct diagram. In addition, only expressions meaningful to the current problem are considered. As we deal with one electron only, this excludes contraction results with more than one fermion in the initial and final state. Furthermore, only terms with all operators A (x) of the quantized photon field contracted will be considered ͓60͔. Finally, we keep only terms which are of first order in the perturbing potential A pert and of order ␣, which indicates one virtual photon line in a diagram. Therefore, it is sufficient to include summands up to S ⑀ (3) , where the different orders in read
yields the well-known expressions for the first-order self energy and vacuum polarization ͓59,61͔. The three terms in Eq. ͑16͒ yield all the same result as the contractions can be carried out for each in the same way. Six different expressions are obtained which can be envisaged by Fig. 2 . In Ref. ͓59͔, the mass counterterm is also integrated into the formalism of Eqs. ͑8͒-͑11͒. It is sufficient, however, to introduce this term explicitly when needed in order to keep the general formulas simpler. A detailed derivation for the mass counterterm in connection with the first-order QED terms is performed in Ref.
͓59͔.
The terms for the diagrams of Fig. 2 read
Ϫ3S
(1) S SE (2) ͔, ͑18͒ 
where the indices refer to the self-energy vertex term, Fig.  2͑a͒ , the self-energy wave function correction terms, Figs. 2͑c͒ and 2͑e͒, the vacuum polarization potential term Fig.  2͑b͒ , and the vacuum polarization wave function correction terms Figs. 2͑d͒ and 2͑f͒. The self-energy vertex term and the vacuum polarization potential term form irreducible diagrams. These diagrams can be evaluated directly by employing the bound-state Feynman rules as presented, e.g., by Lindgren ͓61,62͔ which can be shown to be equivalent to a full evaluation in the S matrix formalism. The same holds for the irreducible contribution of the wave function corrections, i.e., the part of the expression where the energy of the intermediate state between magnetic interaction and self-energy loop does not conincide with that of the state under consideration. The other part we term ''reducible'' contribution. In the Feynman gauge, the irreducible self-energy contributions read
͑22͒
where the self-energy operator ⌺(E n ) was introduced,
͑23͒
In Eq. ͑22͒, an additional factor 2 accounts for the two symmetrical diagrams Figs. 2͑c͒ and 2͑e͒. In all these equations, S F (x,y;E)␥ 0 denotes the time-independent Green's function of a bound electron
Note that our definition coincides with that of Refs. ͓13,50,65͔ and differs from Mohr's ͓1,59,66͔ by a minus sign in the denominator of S F (x,y;E). The time-independent Green's function is related to the four-dimensional electron propagator by
In the Feynman gauge, the photon propagator D F (x,y) reads
Note that Mohr ͓1,59͔ includes an additional i in this definition. For the eigenstates of the Dirac Hamiltonian with the binding potential V nuc bind present, the notations ⌽ m ,⌽ q , etc., are employed, where m,q, etc., are cumulative quantum numbers. The corresponding energy eigenvalues are denoted by E m , E q , . . . . To separate the state under consideration clearly from the intermediate states, we denote it by a n , where n is again a cumulative quantum number, a n ϵ⌽ n , and ā n (x)ϭa n † (x)␥ 0 . The vacuum polarization contributions read
͑29͒
Again, the symmetry of two equally contributing diagrams was taken into account by an additional factor 2 in Eq. ͑29͒. The vacuum polarization potential introduced in Eq. ͑29͒ reads 
A detailed derivation of the vacuum polarization potential is given by Refs. ͓66,67͔, and references therein. The reducible parts can be treated in a similar manner as for the photon exchange diagrams in few-electron systems ͓61,68-71͔, taking into account that the magnetic potential under investigation here replaces the perturbing potential of another electron in the corresponding formulas. To handle the additional singularity in one of the electron propagators, caused by 1/(E n ϪE n ), the remaining electron propagator of the self-energy diagrams is evaluated around EϭE n Ϫ. The leading term of this expansion cancels with the corresponding product of lower order terms S
(1) S SE (2) . After the transition ⑀→0 the remaining term formally contains a derivative of the self-energy operator ͓71͔. In an equivalent manner, this term can also be obtained as a perturbation of the binding energy caused by the influence of an external potential ͓22,72,73͔ or by employing the two-times Green's function method ͓65͔. It reads
for states which are only degenerate in their magnetic quantum number, i.e., in particular for the 1s 1/2 state. For the vacuum polarization wave function correction, no dependence on the energy of the state under consideration exists, except in the electron propagator itself which is mediating between the magnetic interaction and the vacuum polarization vertex. Any expansion similar to the self-energy does not yield any derivative terms, and the reducible part of
is completely cancelled by the product S (1) S VP (2) and has not to be considered further. The index ''irred'' will therefore be dropped in the following on vacuum polarization terms.
B. Divergences
The expressions ͑21͒, ͑22͒, ͑31͒, ͑28͒, and ͑29͒ for the diagrams 2͑a͒, 2͑c͒ and 2͑e͒, 2͑b͒, and 2͑d͒ and 2͑f͒ are only formal. They contain divergences and therefore require renormalization. Our way to deal with the divergences of the self energy expressions is to evaluate the bound-state electron propagators into powers of the nuclear binding potential and to isolate the mass and charge divergences which are present in the lowest order terms only. These terms are treated analytically in momentum space, and after cancelling the divergences between different diagrams a finite result is obtained. The finite higher-order terms are evaluated in coordinate space by employing the full yet unrenormalized expression and subtracting the divergent lower-order parts in the calculation. The procedure outlined so far coincides with that employed by Snyderman ͓74͔ and has been described in detail in Ref. ͓22͔ for the QED corrections to the hyperfine structure splitting.
The decomposition of the irreducible part of the selfenergy wave function correction term is depicted in Fig. 3 . The divergent terms are these with zero and one interaction in the binding potential present, below referred to as ''zeropotential term'' and ''one-potential term,'' respectively. The charge divergences cancel between both terms, as we are going to show. In addition, a mass counter term ␦m has to be subtracted to obtain proper mass renormalization similar to the case of the free self-energy ͓75͔ ͑for our schemes see also Ref.
͓76͔͒.
Throughout our work we employ the Feynman gauge, which yields for the free self-energy operator (Eϭp 0 here, the dependence on p is not explicitly indicated͒
͑We denote the number of interactions with the binding potential by superscript numbers in brackets.͒ This operator contains a mass and a charge divergence which are also present in the expression ͑22͒. The mass renormalized free self-energy operator reads ͓74͔ ⌺ mass ren 
͑35͒
where the logarithmic term represents the gauge-dependent infrared divergence which would be absent in the FriedYennie gauge but can be shown to cancel in the total expression for the wave function correction. Therefore, care has to be taken comparing our intermediate numerical results with other calculations. However, the final value of ⌬E SE,WF,irred is well defined, and we will not consider the infrared divergent term any more in the following. The expression for the total zero-potential term reads
where
To express the one-potential term, it is advantageous to introduce the vertex operator for a free electron, can be expressed as
where V nuc bind (p,pЈ) denotes the Fourier transform of the nuclear binding potential,
with qϭpϪpЈ,qϭ͉q͉,rϭ͉r͉. R 0 denotes the smallest radius value, for which no difference between the employed potential for an extended nucleus and the 1/r Coulomb potential is found. According to the Fourier transform of the Dirac equation is obtained by employing
where all ⌺ on the right-hand side denote unrenormalized operators. The divergences present in the expression ͑22͒ are thus explicitly subtracted and therefore cancelled. The complete finite expression for the wave function correction reads
͑43͒
The reducible part of the self-energy wave function correction, Eq. ͑31͒, also contains an ultraviolet divergent part which is cancelled by a similar expression present in the vertex correction term, Eq. ͑21͒. In addition, an infrared divergence exists which mutually cancels as well. These two terms are therefore evaluated together. Both contributions are decomposed into a zero-potential term with the full electron propagators within the loop replaced by free ones, and the remaining ''many-potential'' part.
To obtain ‫ץ‬⌺ mass ren [0] (E)/‫ץ‬E, Eq. ͑33͒ is differentiated with respect to p 0 ϭE which yields
The energy-independent mass renormalization term has not to be considered in this differentiation. However, again this expression contains the ultraviolet part of the renormalization constant which can be explicitly separated,
͑45͒
It is cancelled out by the part of the vertex correction with the free vertex function present,
is the Fourier transform of the magnetic potential and qϭp ϪpЈ. The terms containing interactions with the binding potential ⌬E SE, ve [у1] and ⌬E SE,WF,red
, contain no ultraviolet divergences and are evaluated similarly to the irreducible wave function correction by subtracting the unrenormalized free contributions from the also unrenormalized full contributions, Eqs. ͑21͒ and ͑31͒.
Techniques for removing the divergences present in the vacuum polarization expressions ͑28͒ and ͑29͒ exist on a broad scale, as the modification of the photon propagator due to a vacuum polarization loop is a rather common feature within QED. The potential U VP present in Eq. ͑29͒ is the same as that appearing in QED calculations related to the Lamb shift and therefore its already renormalized expression can be taken from other work ͓66,67,77,78͔. The charge divergence is introduced by the leading term of the expansion in the nuclear potential. One standard technique to remove it is to apply a Pauli-Villars regularization technique ͑Ref. ͓79͔, see also Ref. ͓80͔͒. The potential remaining after the charge renormalization, U VP Ueh , is commonly termed Uehling potential ͓81͔ and reads
͑48͒
where rϭ͉r͉,rЈϭ͉rЈ͉. Ze(rЈ) represents the charge distribution of a spherically symmetric nucleus, ͐drЈ(rЈ)ϭ1. Numerical evaluations can be found in numerous works ͓82-86͔, and all modern calculations of vacuum polarization contributions to one-͓66,67,77,87͔ and few-electron ͓71,78,88,89͔ Lamb shift calculations employ this form. The remaining part, the Wichmann-Kroll potential, also contains a spurious gauge-dependent piece ͓87͔ which can be easily removed by the partial wave expansion common in that evaluation ͓66,67͔. Equation ͑29͒ is decomposed into 
͑52͒
This leads to a value of ⌬E VP,pot Ueh ϭ0 for the case under consideration here, as becomes clear from the Fourier transform of the potential of a constant external magnetic field, Eq. ͑47͒, which leads to
By partial integration, ⌬E VP,pot Ueh ϭ0 is obvious, and therefore also the vanishing contribution to g j . The remaining part is finite except for a spurious gauge dependent piece which also can be shown to vanish by applying a proper partial wave decomposition ͓78͔.
C. Calculation formulas
After removing all divergences, we present the formulas actually employed in our calculations here. We start with the contributions to ⌬E SE,WF,irred , which are closely related to the expressions for the self-energy correction of order ␣ to the Lamb shift, presented in Ref. ͓74͔. From Eq. ͑33͒, the tensor structure of ⌺ R
[0] (E)Ϫ␦m can be expressed as a() ϩp "b(). The wave function a n reads in momentum space a n ͑ p͒ϭ 
after carrying out the angular integrations. The functions C(p) and D(p) are given by
Equation ͑56͒ can be evaluated numerically employing a Gauss-Legendre quadrature.
is evaluated by
where denotes the angle between p and pЈ and V nuc bind (p,pЈ) is given by Eq. ͑40͒. The f i are abbreviations for the coefficient functions in Eq. ͑A1͒ in Appendix A. The spherically symmetric nuclear potential V nuc bind does not depend on angular variables except cos and therefore the tensor structure of Eq. ͑59͒ can be reduced into an expression of functions of cos , p, and pЈ. This yields
ϩ͓ pЈQ a n ͑ p ͒P ␦a n ͑ pЈ͒ϩE n Q a n ͑ p ͒Q ␦a n ͑ pЈ͔͒cos ͖ϩ f 4 ͑ p,pЈ,cos ͕͒E n 2 P a n ͑ p ͒P ␦a n ͑ pЈ͒ ϩpE n Q a n ͑ p ͒P ␦a n ͑ pЈ͒ϩ pЈE n P a n ͑ p ͒Q ␦a n ͑ pЈ͒ϩ ppЈQ a n ͑ p ͒Q ␦a n ͑ pЈ͒ ϩ͓ ppЈP a n ͑ p ͒P ␦a n ͑ pЈ͒ϩ pE n P a n ͑ p ͒Q ␦a n ͑ pЈ͒ϩ pЈE n Q a n ͑ p ͒P ␦a n ͑ pЈ͒ ϩE n 2 Q a n ͑ p ͒Q ␦a n ͑ pЈ͔͒cos ͖ϩ f 5 ͑ p,pЈ,cos ͓͒ P a n ͑ p ͒P ␦a n ͑ pЈ͒ϪQ a n ͑ p ͒Q ␦a n ͑ pЈ͒cos ͔…, ͑60͒ for the 1s 1/2 state. From Eq. ͑60͒, a numerical integration of Eq. ͑59͒ over p, pЈ, and cos is possible employing some variable transformations suggested by Blundell ͓92͔. For the self-energy contribution to the Lamb shift, a related decomposition was also recently performed in Ref.
͓93͔.
The remaining contribution ⌬E SE,WF,irred
is obtained as specified by Eq. ͑42͒. Performing the integrations over and the angular part of k, Eq. ͑22͒ reads
where kϭ͉k͉,xϭ͉x͉,yϭ͉y͉. A spherical wave expansion was employed according to
where j l denotes a spherical Bessel function and C l (x) is a spherical tensor operator ͑e.g., Ref. ͓94͔͒, defined by
Y m l (x) denotes a spherical harmonic. The scalar product be-
This scalar product is implicitly assumed in all formulas with C l present in two matrix elements.
To obtain the unrenormalized contribution from the term due to the free self-energy operator, a similar evaluation is carried out, but the bound-state electron propagator S F in Eq.
͑22͒ is replaced by that for free electrons. In the final result the sum over the spectrum of the bound state Dirac equation where we use small Greek letters for denoting the eigenfunctions of the free Dirac Hamiltonian. In the same manner, the contribution for the free vertex part ͑the one-potential term͒ is obtained by replacing the bound-state propagators in the full vertex expression ͓see formula ͑78͒ below͔ by free-state propagators. The total result for the subtraction scheme reads
F͑s,r ͒ ͮ .
͑65͒
The function F is introduced here to denote part of the energy denominator
If E n represents the lowest positive energy eigenvalue of the bound Dirac spectrum, the further evaluation of Eq. ͑65͒ is straightforward employing standard methods. In the present work this is the case and we do not have to consider any singularities caused by zeros of the denominator. If ͉a n ͘ ͉1s 1/2 ͘, due to positive values of E q with E q ϽE n , singularities on the integration path for k appear. The corresponding principal value integrals can be carried out employing a polynomial approximation of the numerator for obtaining the real part of the contribution. The imaginary part which is also present in such a case does not contribute to the energy shift but only to the line width of the excited state in a one-electron ion ͑Ref. ͓60͔, and references therein͒ which is not under consideration here. We will therefore omit the corresponding discussion here and also in the related cases of the other k integrals of this work. For the expression in curly braces, we separate radial and angular integrations and carry out the latter utilizing the graphical angular momentum coupling scheme as presented by Lindgren et al. ͓69, 94, 95͔ . Writing down an explicit formula containing all details, the wave function ͉␦a͘ also has to be considered. The angular structure is identical for the three sums over the states present in Eq. ͑65͒ and yields q ϭϪ1. Equation ͑65͒ can therefore be written as
The angular factors A SE are given in Appendix B. For the radial integrals R, S, T, V, and W, expressions are presented in Appendix C. For the last term containing the additional interaction with the nuclear potential, no particular angular factor occurs as the spherically symmetric potential V nuc bind demands strictly identical angular quantum numbers for s and r .
The sums over intermediate bound and free states are carried out by generating a complete set of intermediate states utilizing the space-discretization method of Salomonson and Ö ster ͓96͔. The functions obtained by this method are given on a few finite sets of grid points only. The integrations are also carried out on the same grids, if the grid sizes prove to be sufficient for an accurate calculation which is controlled by extrapolating the number of grid points to infinity. For high k, the spherical Bessel functions are strongly oscillating, and therefore the grid-valued functions have to be interpolated to continuous space using Lagrange polynomials ͓76͔ to obtain the proper values of the matrix elements.
The outer k integration is handled numerically, using Gauss-Legendre and Gauss-Laguerre quadrature formulas. Finally, the sum over l is carried out by evaluating a finite number of summands and performing a polynomial expansion to infinity. For the correction under consideration here, the summands up to lр30 can be evaluated without problems for most ͑except very low͒ Z.
Now the different contributions of (⌬E SE,ve ϩ⌬E SE,WF,red ) are analyzed. The term which contains the derivation of the free self-energy operator ‫ץ‬⌺ R
[0] (E)/‫ץ‬E, exhibits a tensor structure similar to that of
This leads to
͓cf. Eq. ͑56͔͒, where all angular integrations are carried out in Eq. ͑69͒. This equation is then numerically evaluated similarly to Eq. ͑56͒. ⌬E SE,ve [0] reads
͵ dp ͵ dpЈā n ͑ p͒
where the g i are again abbreviations for the coefficient functions in Eq. ͑A1͒. However, the evaluation of Eq. ͑70͒ is not as straightforward as that of Eq. ͑59͒ as the angular dependency is contained in the potential A(pϪpЈ) as well. Formally, A(pϪpЈ) is given by Eq. ͑47͒. To obtain an expression suitable for numerical evaluation, a Gaussian cutoff is introduced in coordinate space
which leads to a smoothing in momentum space
The value of is then chosen to be small enough to guarantee homogeneity of the magnetic field over the extension of the ion. The exponential in Eq. ͑72͒ can also be expressed in terms of p, pЈ, and cos (qϭpϪpЈ). The complete angular dependency can be separated out by using
and
where the evaluation coefficients read , namely, by subtracting the unrenormalized free parts from the corresponding unrenormalized bound expressions. From Eq. ͑61͒, ͗a n ͉␥ 0 ͓‫ץ‬⌺(E)/‫ץ‬E͔ EϭE n ͉a n ͘ is obtained by replacing ͉␦a n ͘ with ͉a n ͘ and differentiating with respect to the energy of the state under consideration. This holds true for both the bound and the free expressions, and therefore
As already mentioned, the first term is infrared divergent for lϭ0 and ϭ0, if the energy of the intermediate state p coincides with E n . A similar term with opposite sign occurs from the vertex term which will be discussed next. Therefore the sum of both terms is infrared finite. In performing their numerical evaluation, we explicitly exclude the terms with lϭ0,ϭ0 from the calculation. The detailed decomposition of the matrix elements in Eq. ͑76͒ into radial and angular parts is rather similar to that of Eq. ͑65͒. A number of simplifications occur, as the magnetic interaction part is totally factorized out. The remaining product of two matrix elements is identical to that of the self energy of order ␣ which has been considered before ͓76,98͔. Explicitly displayed, the first product of the matrix elements in Eq. ͑76͒ reads
and the second one accordingly, with p replaced by r, and free instead of bound-state functions employed in the radial expressions for S ͑C3͒ and V i ͑C5͒-͑C8͒. The angular factors are the same as those in Eq. ͑67͒. They are given in Appendix B. Note, that the sum over ⌽ q in Eq. ͑67͒ is replaced by the state under consideration ͉a n ͘ here.
The vertex contribution is obtained by evaluating Eq. ͑21͒ in a manner similar to Eq. ͑22͒,
Replacing the magnetic vector potential by the nuclear Coulomb potential and the sums over the bound state eigenfunctions by those of free states, the one-potential subtraction term in Eq. ͑65͒ is also obtained. The function F is given by Eq. ͑66͒. Equation ͑78͒ is infrared divergent in the same way as Eq. ͑76͒ but with different sign. The two divergences cancel therefore and the sum of Eqs. ͑76͒ and ͑78͒ is infrared finite. Both terms contain ultraviolet divergences which are removed by subtracting terms with free electron propagators instead of the bound ones, as discussed in the previous section. The final expression for evaluating the many-potential part of the vertex correction therefore reads
͑79͒
In analogy to Eq. ͑67͒, this expression can be explicitly written as 
The radial integrals are given by Eqs. ͑C3͒-͑C8͒. The angular coefficients were evaluated by Schneider ͓95͔ and are presented in Appendix B. In our numerical calculations, the expressions ͑76͒ and ͑79͒ are computed together within the outer k integration. The partial wave expansion is carried out in the same way as described for the irreducible part of the wave function correction, taking into account that numerical stability is reached only for lр20. For ZϽ20, however, a sufficient precision could not be reached within this l range. An extension to higher l is currently prevented by the numerical accuracy of our code. Therefore the terms containing one interaction with the nuclear Coulomb potential were also subtracted from Eqs. ͑76͒ and ͑79͒ and separately evaluated. In terms of Feynman diagrams, this refers to an explicit calculation of the graphs shown in Fig.  4 . The expressions for the diagrams under consideration are
͑taking into account two equally contributing diagrams͒ and
was obtained by deriving the last term of Eq. ͑65͒. The two arising summands are equal and thus we present only the second of them multiplied by a factor of 2. Equation ͑81͒ is derived from the last line of Eq. ͑79͒ by inserting one additional interaction with the nuclear Coulomb potential. The structure of the denominator becomes quite complicated for the case of three intermediate states and is therefore contained in the function G (s,t,u) given in Appendix D.
The further angular reduction of Eqs. ͑81͒ and ͑82͒ is carried out in the same manner as for the corresponding expressions ͑70͒ and ͑59͒, respectively, as the additional Coulomb interaction does not change the angular structure. In the evaluation of the radial parts it is advantageous to perform the necessary integrations on analytically given free-electron intermediate states. Here we employ free spherical waves given by
where is the Dirac angular momentum quantum number, EϭϮͱm e 2 ϩp 2 ,
The summations ͚ s,t,u which are due to the grid representation of a finite number of intermediate states are thus replaced by integrations. Furthermore, we also expand the state ͉a n ͘ under consideration into free spherical waves, denoted by ͗a n ͉͘. Expression ͑81͒ therefore reads
ϫ͗Ј͉a n ͘G͑s,t,u͒,
͑88͒
and a similar expansion can be applied to Eq. ͑82͒. The radial integration of ͗a n ͉͘ is performed numerically employing a Lagrange interpolation between the stored values of ͉a n ͘ on the grid. To have access to all momenta of the evaluation, the overlap integral is calculated for a grid of momenta, stored, and interpolated as needed. The radial parts of the matrix elements containing ␣ and ␣ consist now of a product of three spherical Bessel functions which can be further evaluated analytically. Employing the point nucleus Coulomb potential ϪZ␣/r, this also holds true for the matrix element containing V nuc bind . As the described additional separation is performed for low Z, the nuclear size effect itself is small and the replacement of the actual binding potential by that of a point nucleus is reasonable.
The magnetic potential is treated in parts in momentum space, observing that
for A given by Eq. ͑72͒. In the inner radial matrix element, the r integration can be carried out again over a product of three spherical Bessel functions. Due to the analytical treatment of most of the matrix elements in Eq. ͑88͒ and in the according expression for ⌬E SE,WF,red [1] , the numerical stability is much better for higher l which allows the inclusion of more terms. With the described separation scheme, a proper extrapolation can be obtained even in the cases of hydrogen and helium, where terms up to lр180 have to be considered.
Let us now turn to the vacuum polarization expressions. The Uehling potential contained in Eq. ͑49͒ also represents the major influence of the vacuum polarization on Lamb shift calculations. The first part of Eq. ͑49͒ is straightforward to evaluate by carrying out the sum over the intermediate states.
Note that the angular structure of the states has to be the same as that of ͉a n ͘ (ϭϪ1 here͒ which simplifies the calculation even further.
The remaining part of Eq. ͑49͒ is of similar type. The potential, commonly known as Wichmann-Kroll potential after its first investigators Wichmann and Kroll ͓99͔, is obtained either in an expansion in Z␣ which is not applicable for the problem under consideration here ͓83͔, or as a difference between the unrenormalized full expression and the also unrenormalized Uehling potential by which any divergences cancel. This procedure is equal to the technique applied for the self energy terms above and was discussed for the vacuum polarization of order ␣ in detail in Ref. ͓67͔ . We present therefore only the final expression which reads
͑91͒
Only electron-positron pairs contribute to the vacuum polarization loop, and therefore the sums over s and t can be restricted to positive and negative energies, respectively, for calculation purposes. An additional factor of 2 accounts for this.
A remaining gauge-dependent spurious term ͓87,99,100͔ can be shown to disappear for each finite ͓66͔. In the same manner as for the l expansions for the self-energy contributions, the sum over is carried out to a maximum value of ͉ max ͉ which includes both max and Ϫ max , and therefore the spurious term causes no difficulties. The maximal value of ͉͉ in our calculations permitted by numerical stability is about 30.
The potential correction is handled in a similar manner. As shown already, the leading Uehling term yields zero for a homogeneous external magnetic field. The remaining Wichmann-Kroll term is obtained in the same way as for U VP by subtracting the unrenormalized free expression from Eq. ͑28͒. Carrying out the trace operation as well as the angular part of the k integration and employing once more the spherical wave decomposition, Eq. ͑62͒, this leads to FIG. 4 . The terms of ⌬E SE,WF,red and ⌬E SE,ve which are of first order in the nuclear Coulomb potential. For ZϽ20, these terms are calculated separately to obtain a better partial wave convergence.
⌬E mag denotes the matrix element ͗a n ͉e␣•A͉a n ͘. 
Within the loop, the sums are again restricted to electron or positron states, respectively. In the partial wave decomposition evaluation in , the vectors of ␣ matrices present allow the coupling between states of different , in particular, r ϭϪ q Ϫ1, q ,Ϫ q ϩ1ϭ: Ϫ1 , 0 , 1 , and accordingly for s and t. Furthermore, the term ϭ0 does not contribute due to the angular integrations which is also clear from intuitive reasoning. A simple vacuum polarization interaction is not expected to change a vectorlike interaction into one with a scalar component. The final expression of the partial wave expansion of ⌬E VP,pot WK then reads
where the summations over the angular quantum numbers are specified explicitly. From the l summation, only lϭ1 contributes due to the angular momentum summation rules, and the final expression reads
͕A VP 1 ͑ a n ,,Ј;lϭl ͒Q͓͑r,Ј͒,͑ q, ͒;k,lϭ1͔
ϩA VP 2 ͑ a n ,,Ј;lϭ1 ͒Q͓͑q, ͒,͑ r,Ј͒;k,lϭ1͔ϩA VP 3 ͑ a n ,,Ј;lϭ1 ͒Q͓͑q, ͒,͑ r,Ј͒;k,lϭ1͔
ϩA VP 4 ͑ a n ,,Ј;lϭ1 ͒Q͓͑r,Ј͒,͑ q, ͒;k,lϭ1͔͖
ϩA VP 2 ͑ a n ,,Ј;lϭ1 ͒Q͓͑s, ͒,͑ t,Ј͒;k,lϭ1͔ϩA VP 3 ͑ a n ,,Ј;lϭ1 ͒Q͓͑s, ͒,͑ t,Ј͒;k,lϭ1͔
ϩA VP 4 ͑ a n ,,Ј;lϭ1 ͒Q͓͑t,Ј͒,͑ s, ͒;k,lϭ1͔͖
The angular factors are given in Appendix B and the radial integrals Q and R are defined in Appendix C. The further evaluation of all radial integrals is carried out in the same manner as in all other cases. Again, values of ͉͉р30 are numerically meaningful for almost all except very low Z. For Zр20, however, the convergence becomes very poor. Higher ͉͉ are prevented by the numerical accuracy of our present code, and for Zр10 almost no meaningful value is obtained at all. However, contrary to the vertex contribution mentioned above, the total ⌬E VP,pot contribution is rather small for low Z and thus the total precision of our calculations is hardly influenced by this drawback. We will point out this problem once more in Sec. V.
IV. OTHER CONTRIBUTIONS
Up to now, we have dealt mainly with the QED contributions of order ␣/ which form the major topic of this work.
There are several other contributions beyond the relativistic spin-orbit interaction which have to be discussed, at least briefly. These comprise nuclear size, shape, mass, internal structure, and also QED effects of higher order.
A. Nuclear properties
The finite nuclear size leads to a deviation from the analytically derived formula ͑7͒ for the g J factor of a bound electron even without considering other effects. The binding potential is slightly altered due to the extended charge distribution within the nucleus. The size of the nucleus is commonly specified by
where (r) is the charge distribution of a spherically symmetric nucleus. From Lamb shift investigations it is known that not only the size of the nucleus has an effect but also its shape ͓101͔ which demands a realistic description of the nuclear charge distribution. We employed the two-parameter Fermi distribution for evaluating the finite size correction to g j given by Eq. ͑7͒, which reads
The index ''2p'' denotes ''two-parameter'' (a and c), where c is the half-density radius and a is a measure for the skin thickness, related to tϭ4 ln 3a. t indicates the radial distance over which the charge density falls from 90 to 10 % of its value at rϭ0. N is a properly chosen normalization constant. To a good approximation ͓102͔, In strong-field QED calculations it can be seen that the effect of nuclear size depends mainly on the radius chosen and only little on the actual model employed ͓101,104͔. An exception is hydrogenlike systems with ZϾ100 ͓101͔. In this case higher moments of the charge distribution have to be considered at least approximatively, see, for instance, the evaluations performed by Shabaev ͓102͔. For the present investigation these considerations are not necessary and the QED calculations are thus carried out employing a reasonable but easy to handle charge distribution such as the homogeneously charged ball as is utilized in the present study.
Another effect of interest, in particular for lighter ions, is the finite nuclear mass. In calculations of strong-field QED the electromagnetic potential of the nucleus is normally considered as time independent and external, thus referring to either an infinitely heavy nucleus or to a proper separation into center-of-mass and relative coordinates. Even the latter, however, yields a value of the finite nuclear-mass correction wrong by more than 50% in Lamb shift calculations on the the lowest lying states in heavy hydrogenlike ions ͓105,106͔. An equally simple estimate for the g factor can thus not be expected to yield a higher accuracy. However, up to now there is a lack of calculations beyond expansions in ␣, Z␣, and the mass-ratio electron-nucleus m e /M N . These expansions were obtained in 1970 independently by Grotch ͓38,39͔ utilizing an expansion of the corresponding two-particle Dirac equation, and also by Faustov ͓41͔, who employed an effective potential method. Their results were reproduced by Close and Osborn ͓42͔ starting from a group theoretical approach.
The recoil contribution known so far reads
͑99͒
This equation is exact to orders (Z␣) 2 , (␣/), and (m e /M N ) 2 . The last two expansions are reasonable also for high-Z systems. For these systems, the expansion into powers of (Z␣) can only be considered as an approximation which serves as an order-of-magnitude estimate.
Another feature of the nucleus is its internal structure. The nucleus can be envisaged as consisting of protons and neutrons which in turn are formed by quarks and gluons. This composite object can undergo a virtual excitation and deexictation exchanging two photons with the propagating electron as depicted in Fig. 5 . The nuclear polarization plays an important role in muonic systems due to the large overlap of the muonic wave function with the nucleus and, in addition, also because the transition energies in a muonic atom are of similar size as the excitation energies of the nucleus ͓100͔.
In electronic systems, evaluations of the nuclear polarization effect have been carried out only as corrections to the QED Lamb shift predictions for the lowest-lying states of heavy few-electron ions ͓1,107-110͔. Here a technique was developed to envisage the whole process as an additional effective self-energy interaction by inserting a nuclear polarization function into the photon propagator present in the self-energy operator, Eq. ͑23͒ ͓111,112͔. For heavy nuclei, the calculation yields an order-of-magnitude value of the same size as the QED corrections of order ␣ 2 , or even less in 208 Pb 81ϩ where several nuclear polarization contributions can be shown to nearly cancel ͓109͔. However, due to the uncertainty of nuclear parameters and also due to the restriction to the lowest lying excitations in all calculations carried out so far, the nuclear polarization correction is supposed to have an error margin of up to 50% of its value, thus restricting the precision of the whole Lamb shift prediction.
For the QED corrections to the Zeeman effect under consideration here, nuclear polarization calculations were not yet carried out. Their result is not expected to be larger than the bound-state QED contributions of order (␣/) 2 and also to have an influence on the total prediction value of even less than that in Lamb shift calculations ͓113͔. Their calculation becomes more urgent as soon as there are complete calculations of all QED effects of order (␣/) 2 to the g factor, at least for obtaining an order-of-magnitude estimate. At present, we are going to neglect completely any nuclear polarization contribution in our further discussions.
B. QED effects of higher orders
The main goal of this work was to perform a complete calculation of the QED binding effects of order ␣/, corresponding to one internal photon line in the corresponding diagrams in Fig 2. However, the sum of these diagrams forms only the second coefficient in the expansion
͑100͒
where C (0) contains the Dirac g factor of the free electron as well as the relativistic spin orbit coupling contribution, Eq. ͑7͒, due to binding and does not comprise any quantum electrodynamical correction. It is given by
The notation adopted here is that of Refs. ͓50͔ and ͓114͔, where QED corrections to the free electron g factor are denoted by
͑102͒
The A 1 refer to diagrams with only electron lines present ͓114͔, i.e., no muonic and tauonic lines and no strong and weak interactions. The coefficients read 
where (k)ϭ͚ nϭ1 ϱ (1/n k ) and a 4 ϭ ͚ nϭ1 ϱ ͓1/(2 n n 4 )͔. As already mentioned, A 1 (8) represents 891 Feynman diagrams. Their analytical evaluation with modern algebraic computer programs has just begun, and the error specified by Hughes and Kinoshita is a rather conservative error margin of the numerical calculations carried out so far, according to the authors.
Additional contributions to the g factor of a free electron result from nonelectronic QED contributions, in particular vacuum polarization loops containing muons and tauons, which contribute 5.442ϫ10
Ϫ12
; vacuum polarization loops containing hadronic particles, contributing 3.284(54) ϫ10
; and weak interaction effects at a level of 6 ϫ10 Ϫ14 ͓34͔ within the standard model. From these representations it is clear that each C (2i) can be written as
Expanding the QED binding effects into a power series of (Z␣) yields the expression obtained by Grotch as the leading term
In Fig. 6 we display the QED corrections of order (␣/) 2 . These or corrections of even higher order have not yet been calculated considering bound state QED. To have a reasonable starting point for this, at least all QED corrections of order ␣ 2 to the Lamb shift should be known properly, a task which is still pending ͓1,115͔. An estimate for the total order of magnitude of this correction can be obtained by observing that all coefficients A 1 (2i) in Eq. ͑103͒ are of magnitude 1.
Therefore it is reasonable to assume a scaling by a factor (␣/) also for the bound state contributions, and an estimate reads 
͑106͒
Without any full calculation of all diagrams of order (␣/) 2 , no theoretical value for g j1s 1/2 can claim an accuracy better than at least three times the above estimate of the (␣/) 2 contributions.
V. RESULTS
The results of our calculations are presented in detail in Tables I-III for some Z. A summary for all Z under investigation is given in Table IV . The grid of Z we chose is quite tight throughout the whole range from Zϭ1 to Zϭ94, including nearly all even Z ͑except the unstable Po͒ and in addition also all odd ZϽ18 as well as those where hyperfine structure measurements in hydrogenlike systems were carried out and also a few more to tighten the calculation around the heaviest stable odd-Z nuclei. When comparing a high precision experiment with theory, any interpolation of a sparsely given theoretical grid is rather meaningless. For this reason we present a comprehensive tabulation of values.
As pointed out, all calculations were carried out in the Feynman gauge employing the renormalization procedures mentioned above. The error margins specified are purely numerical resulting from the integrations over the photon momentum k and the partial-wave extrapolation over l or ͉͉, respectively. Error propagation is always carried out by linearly adding the errors in order not to underestimate any overlooked systematic numerical effect.
The self-energy contributions have also been calculated by Blundell et al. for a number of Z employing a point nucleus ͓50͔. We include their values in our Tables I and II for comparison after multiplying them accordingly by (2␣/), as they were specified in terms of C 2 (Z␣) in Ref.
͓50͔.
In that work, only up to six significant figures were displayed. Table I displays all contributions to g jSE,WF,irred for a few Z, calculated by utilizing Eqs. ͑56͒, ͑59͒, and ͑65͒. The numerical error resulting from the terms with zero and one nuclear-potential interaction is rather small for low Z and empirically even an anticorrelation between the behavior of both terms is observed, if the number of grid points in the p integration is altered. Therefore, the error margin of both terms is combined. The remaining term, g jSE,WF,irred
, is calculated employing a partial wave expansion up to lϭ30. The numerical accuracy is in most cases already sufficient employing partial waves up to lϭ20.
The contributions to g jSE,ve ϩg jSE,WF,red are given in Table  II for some Z, where the results of Eqs. ͑70͒, ͑69͒, and ͑76͒ and ͑79͒ are displayed. For Zр20, the separate calculation of g jSE,WF,red [1] ϩg jSE,ve [1] according to Eqs. ͑81͒ and ͑82͒ is also presented. In these separate calculations, pointlike nuclei were employed as discussed above, due to the smallness of any finite-size effect on QED corrections in this range of Z. For calcium and carbon, calculations of g jSE, WF, red [у1] ϩg jSE, ve [у1] are also shown. If pointlike nuclei are considered, the calculation from g jSE, WF, red [у1] ϩg jSE, ve [у1] agrees well within its error margins with the split calculation for Ca. However, for extended nuclei a small discrepancy shows up which necessitates the scheme of Eqs. ͑76͒ and ͑79͒ for Zу20. For carbon, Eqs. ͑76͒ and ͑79͒ yield the same result for both pointlike and extended nuclei. It does not agree with the corresponding one from the split calculation which is obviously due to a failure in extrapolating Eqs. ͑76͒ and ͑79͒ to higher partial waves. For carbon, the partial wave contribution changes sign around lϭ12, which is also indicated by Fig. 7 . Therefore, our separate treatment of the g jSE,WF,red [1] ϩg jSE,ve [1] terms is well justified and improves the theoretical prediction also in the Z range under current experimental investigation. Figure 7 displays the behavior of the partial waves of g jSE, WF, red [у1] ϩg jSE, ve [у1] over the whole Z range. The term for l ϭ0 is not shown. For U, Ba, and Ca all terms except the first are Ͻ0, but for Ca the whole contribution is Ͼ0. For C, in addition to the sign change, numerical instability becomes visible for higher l, making a proper extrapolation for l Ͼ20 impossible.
In general, our values agree within 10 Ϫ6 with those presented by Blundell et Tables I and II . This yields also an estimate of the nuclear size effect on the QED contributions which can amount to up to 1% of the value in the region of high Z. The finite nuclear size should therefore always be considered in high-precision calculations. On the low Z side, the values obtained in Ref. ͓50͔ for g jSE, WF, red [у1] ϩg jSE,ve
[у1] also suffer from difficulties in the partial wave expansion, as explicitly stated there, although a different numerical scheme was employed in that work.
Let us now turn to the vacuum polarization contributions g jVP,WF
Ueh
͑49͒, g jVP,WF
WK ͑91͒, and g jVP,pot WK ͑92͒, which have not been calculated before ͑apart from our previously reported numbers ͓51͔͒. The results are presented in Table III change the value of Eq. ͑91͒ within the error margins. Only for very low Z, do numerical instabilities cause minor problems. However, these problems occur only for total contributions of g jVP,WF WK Ͻ10 Ϫ11 where the whole contribution itself is negligible. To obtain an estimate for the finite nuclear size effects on the vacuum polarization calculations as well, we have also carried them out for Th, employing a point nucleus. The values are given in Table III and indicate a difference at the 10 Ϫ5 level for the vacuum polarization contributions, thus again showing the need for considering the size of the nucleus properly.
Problems occur when evaluating the potential correction for small Z, g jVP,pot WK , Eq. ͑92͒. The convergence according to Ϯ is displayed in Fig. 8 for a number of Z. As can be seen, the contributions change sign twice in the region of low ͉͉, reach a second maximum on the positive side and then slowly tend to decrease again. For medium and high Z, this process takes part within ͉͉р5 and the further extrapolation causes no problems. For C 5ϩ , however, the second maximum seems to be reached at about ͉͉ϭ30 only, leaving no decreasing tail for carrying out any extrapolation, as ͉͉ ϭ30 is also the maximum value of our current calculations, due to numerical stability. Even for Z as large as 30 the numerical instability tends to be as much as 5% of the total value of g jVP,pot WK . The reason for not improving our calculation at the present stage is the total share of this contribution, which is rather small, compared to g jSE,WF , g jSE,ve , and g jVP,WF . For Zр12, however, the error of the contribution has to be estimated to be at least 3ϫ10
Ϫ10
, although the actual value might be smaller. This is also indicated by the data points in Fig. 9 . All QED contributions calculated so far are displayed in Fig. 9 , together with the free QED corrections of orders (␣/) 2 , (␣/) 3 , and (␣/) 4 , Eq. ͑103͒. All QED calculations are summarized in Table IV . By subtracting ␣/, the total QED effect of binding is obtained ͑column 7͒ which can be compared with the term (␣/)(Z␣) 2 /6 ͓Eq. ͑105͒, in column 8͔ obtained by Grotch ͓39͔. For Zϭ1 and Zϭ2, our calculation agrees with this expansion within the error margins. But already for Li, differences become visible which amount already to 1ϫ10 Ϫ7 for C 5ϩ . Both curves are also displayed in Fig. 9 . In addition, the total QED binding effect of order (␣/) was multiplied by another factor of (␣/) to obtain the estimate for the binding correction of order (␣/) 2 , as discussed above. This last line indicates the present day limit of theoretical precision for g j1s 1/2 which cannot be crossed without evaluating 50 additional diagrams. There is no sense in improving the calculation of QED contributions of order ␣/ which are smaller than this indicated value, and therefore we did not even try to obtain more precise values for g jVP,pot WK in the low-Z region. The total numerical uncertainty indicated in column 6 of Table IV is less than the order (␣/) 2 estimate except for very low Z, and therefore we conclude that our present calculation is sufficient as far as precision is concerned.
Our QED calculation of order ␣/ is displayed in Table  V together with the result of Eq. ͑7͒. The nuclear size correction to this contribution is obtained by calculating Eq. ͑6͒ with wave functions corresponding to an extended nucleus with r rms as specified. In these calculations, a two-parameter Fermi distribution with aϭ0.524 is employed, except for uranium, where aϭ0.5046 was used, taken from Ref. ͓117͔ and thorium (aϭ0.511 from Ref. ͓118͔͒. The nuclear radii TABLE III. The vacuum polarization contributions of order ␣/ to the g j factor of an electron bound in a hydrogenlike ion. All values are absolute contributions to g j (1/␣ϭ137.035 989 5). The last column indicates their total sum, except for H and He ϩ , where it is meaningless due to the large error in g jVP,pot . For Zϭ90, the result of a point-nucleus calculation is also shown (90᭹). (1) The different QED contributions of order ␣/ to g j of an electron bound in a hydrogenlike ion, their sum, and the amount due to binding which is obtained after subtracting the term (␣/) of the free electron's g factor. All values are absolute contributions to g j (1/␣ϭ137.035 989 5) and displayed in units of 10 Ϫ6 . The binding correction obtained from the Z␣ expansion due to Grotch ͓37͔ is presented in the last line for comparison. Numerical uncertainties are indicated in parentheses. No given uncertainty indicates an error smaller than one digit of the last displayed figure. The uncertainty of the binding effect ͑not specified͒ is always the same as that of the corresponding total QED contribution of order ␣/. For Zр14, the last figure was not rounded off in the binding-effect column. were taken from Refs. ͓103,117-119͔, and the radius of the most abundant or longest living isotope was employed, as indicated in Table V . The uncertainty caused by an insufficient knowledge of the nuclear radius is indicated in Fig. 10 , where also all the other contributions to g j are displayed. The recoil correction was calculated employing Eq. ͑99͒. Again, the mass of the most abundant isotope was utilized which causes the wiggles in the curve. Note that this correction can be considered as only an order of magnitude estimate for high Z. For carbon, we estimate its accuracy being 1%, decreasing with increasing Z and amounting to 10% already for calcium. Due to the rather speculative nature of both the uncertainty of this contribution and the estimate of the higher order QED contributions, an error for the total g j value is not displayed in Table V . It amounts to at least 7 ϫ10 Ϫ9 for carbon, 1.3ϫ10 Ϫ7 for calcium and 7ϫ10 Ϫ6 for uranium, where we have estimated the uncertainty from the uncalculated QED (␣/) 2 binding corrections by 2.5 ϫ(␣/) times the numerical value of the (␣/) contribu tion. Contrary to the Lamb shift situation, however, this error margin is not due to nuclear effects which can hardly be estimated to increase in precision ͓1͔ but to yet uncalculated contributions, e.g., from the diagrams shown in Fig. 6 . The error due to the uncertainty in r rms ϭ5.8604Ϯ0.0023 fm ͓117͔ is also shown for uranium. It is smaller than the estimate for the yet uncalculated QED terms of order (␣/) 2 . The influence of nuclear mass and size effects is also demonstrated by the difference of the corresponding values for 207 Pb 81ϩ and 208 Pb 81ϩ . Values are specified in Table V for both nuclei, and although their radii differ only by about 0.1%, this leads to a difference in g j of 10
Z g jVP,WF
Ϫ6 . The effect of the nuclear size on the QED correction itself was already mentioned. For the two different radii employed, the total QED value is the same within its error margins. When employing pointlike nuclei, however, the need for consideration FIG. 7. Partial wave contributions g j, SE, ve [у1] ϩg j, SE, WF, red [у1] for different Z. 
VI. COMPARISON WITH EXPERIMENTS
Up to now, experiments on g j factors in hydrogenlike systems were carried out only for a few Z. We present an overview of these experiments in Table VI ͓17͔ and 209 Bi 82ϩ ͓14,120͔, for which also theoretical calculations exist ͓19,20,53,121͔. As Shabaev pointed out ͓53͔, the transition probability 1/ F→F Ј ϭ F→F Ј from the higher hyperfine niveau F to the lower, FЈ is in hydrogenlike ions related to g j by
͑107͒
where I is the nuclear spin and m p is the proton mass. The constants ប, m e , and c are explicitly displayed here. The only recent experiment primarily designed for g j measurements ͓47-49,122͔ was carried out on C 5ϩ and yielded an impressive precision of about 10 Ϫ9 which is certainly sufficient to distinguish between the full QED calculation of order ␣ and Grotch's (␣/)(Z␣) 2 /6 term. Within the specified error margins, the experimental result and our calculation agree, and both uncertainties are of the same order of magnitude. An experiment with a similar precision for a heavier nucleus, however, could not match a similar theoretical prediction due to the yet uncalculated higher order effects of QED and recoil.
In order to elucidate the experimental capabilities, we display in Fig. 11 the magnitude of various contributions in parts of g j as well as the experimental precision reached so far for the various Z. Thus, each theoretical curve crossed by the line of an experiment is checked by this experiment. It is worth mentioning that the experiment carried out on H by Tiedeman and Robinson ͓45͔ was almost as precise as that of Quint and co-workers on C 5ϩ , but could just prove the binding effect of order (Z␣) 2 whereas the carbon experiment not only clearly pointed out the difference between this term and the full binding correction but also almost reached the current theoretical limits due to the already much stronger binding effects in carbon. These are indicated again by the curve denoted ''bound QED, (␣/) 2 , estimate.'' The area on the right under this curve has to be considered as theoretically unknown. For comparison, also the first and the best g factor measurement for a free electron are displayed in Fig. 11 .
VII. CONCLUSION
We have presented the first complete calculation scheme for the g j factor of an electron bound in a hydrogenlike system, including all QED corrections of order (␣/) nonperturbatively and thus valid for the whole Z range. All values are listed for a tight lattice of Z, in addition to all contributions of non-QED origin known so far. Error margins for both the calculated QED corrections as well as for the other contributions are properly estimated. Comparison with the existing experimental results exhibits agreement and sufficient precision in all cases. The finite nuclear size effect was found to be considerable for the QED corrections of order (␣/) in high-Z systems. The uncertainty of nuclear size and shape is well under control as it does not affect our predictions at the current level of precision. For further high precision experiments carried out in systems heavier than C 5ϩ , it is desirable to evaluate all QED corrections of order (␣/) 2 nonperturbatively as the next step.
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FIG. 11. Precision of g-factor experiments compared to the relative value of different contributions to g j . The curve marked with an asterisk indicates the difference between the (␣/)(Z␣) 2 /6 term by Grotch ͓39͔ and the full bound state QED calculation of order (␣/).
ͪ
͑C13͒
with rϭ͉r͉. The indices a,b,c,d in Eqs. ͑C3͒-͑C12͒ have to be considered here as cumulative quantum numbers, i.e., the angular momentum quantum number is not specified separately ͑except for Q).
APPENDIX D: THE FUNCTION G"s,t,u…
The denominator of Eq. ͑81͒ is contained in 
